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Abstract--Solid-liquid mixture flow at low velocities was investigated experimentally and theoretically. 
A typical flow characteristic is the formation of dunes in the pipe, causing a pressure fluctuation through 
their movement. The velocity of the dunes increased as the mean velocity of the mixture increased. The 
pressure fluctuation increased slightly as the solid concentration increased up to 10%. The power spectral 
density function (PSD) of the pressure fluctuation was also obtained to investigate the periodicity. Results 
indicated the existence of a dominant frequency. This dominant frequency was related to the movement 
of the dunes and it increased with an increase in the velocity of the dunes. The pressure fluctuation was 
numerically simulated, based on an assumed PSD. The simulated results of the pressure fluctuation were 
in good agreement with the experiments. 
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1. I N T R O D U C T I O N  

Solid-liquid mixture flows are commonly encountered in several fields of industry, such as chemical 
processing plants, the mining of coal and other ores, and dredging. In many previous studies and 
operations, fine particles have been used. In such cases, the particles are uniformly dispersed in a 
carrier fluid at high velocities, and the flow is treated as a single-phase flow. On the other hand, 
the hydraulic transport of coarse particles has recently received considerable attention because of 
the reduction in crushing and dewatering costs (Miscoe & Faddick 1980; Shook et al. 1981; 
Duckworth et al. 1983). Flows containing coarse particles cannot be treated as single-phase flows 
because the particles are affected by gravitational force and therefore move in the lower part of 
the pipe (Wilson et al. 1972; Televantos et al. 1979; Noda et al. 1980). Such flows are often analyzed 
using a two-layer model. 

In designing a hydraulic transport system for coarse particles, it is very important to determine 
the transport velocity and to estimate the pressure loss. For economic reasons, the transport 
velocity is usually set close to the critical velocity which is associated with minimum pressure loss. 
Therefore, much work has been done on the critical velocity and pressure loss. The critical velocity, 
however, is close to the limit deposit velocity. When the transport velocity is set near the critical 
velocity there is a risk of pipe blockage, caused by a small decrease in the transport velocity. 
Therefore, the behavior of the particles and the pressure loss of the flow at low velocities (e.g. of 
the order of the limit deposit velocity, the critical velocity) have to be fully investigated in order 
to prevent pipe blockages and also to transport particles securely and reliably. 

Toda et al. (1977, 1978, 1980) measured the pressure loss of solid-liquid flow at low velocities 
and found that the pressure loss of the flow with a deposit bed was different from that with a 
moving bed. They also studied the limit deposit velocity and found that it depended on the 
particle-liquid density ratio, particle diameter, pipe diameter and solid concentration. 

Tsuji et al. (1982, 1984) examined the pressure fluctuation in the pneumatic transport of solid 
particles in pipes. They measured the pressure fluctuation by using a pressure transducer, and 
obtained the auto-correlation function, the cross-correlation function and the power spectral 
density function (PSD). In their paper, it was shown that the pressure fluctuation was very small 
in suspending flows, and that it increased as the mean velocity decreased. 

Noda et al. (1980, 1984) investigated the limit deposit velocity and pressure loss of the flow with 
a deposit bed experimentally and theoretically, based on a force balance model. In their experiment, 
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the limit deposit velocity had a maximum at a certain solid concentration, and the effects of factors 
such as the length and height of saltating particles were determined. 

Wilson et al. (1972) studied the limit deposit velocity via a slip model, and proposed an equation 
to calculate the pressure loss at the slip point. 

Condolios & Chapus (1963) concluded that the equation proposed by Durand (1953) could be 
used to calculate the pressure loss of the flow with a deposit bed if the hydraulic mean diameter 
was used instead of the pipe diameter. 

Carstens (1969) proposed a theoretical model to estimate the pressure loss of the flow with a 
deposit bed. This model, however, included many suppositions. For instance, he assumed that the 
particle velocity was equal to that of the fluid, and that the friction coefficient for the surface of 
the bed was equal to that for the pipe wall. Therefore, this model is not applicable to coarse particle 
cases. 

Shook & Daniel (1965) proposed a two-dimensional model to predict the pressure loss of the 
flow with a deposit bed. 

As stated above, most previous studies were on the pressure loss or limit deposit velocity, and 
little work has been done on the unstable behavior of particles at low velocities. The tendency of 
the flow at low velocities is to form dunes in the pipe, and a pressure fluctuation results due to 
the movement of the dunes. As mentioned above, little work has been done on the dunes formed 
in a pipe at low velocities. Therefore, the objectives of the present study are to investigate the 
behavior of the dunes and pressure fluctuation in a pipe experimentally, and also to numerically 
simulate the pressure fluctuation by assuming its PSD. 

2. THEORETICAL STUDIES ON THE MAXIMUM AMPLITUDE OF 
THE PRESSURE FLUCTUATION 

Figure 1 shows a schematic diagram of the dunes formed in the pipe. In this figure: Vo is the 
dune velocity; H b is the height of the particle layer formed at the pipe bottom; H is the height of 
the dunes; V~ and V: are velocities of  the fluid at the moving cross sections 1 and 2, respectively; 
A0 is the total pipe area; and Ab and Ab + As are the cross-sectional areas of the particle layer at 
the moving cross sections 1 and 2, respectively. 

Let us start with the continuity equation for the fluid and solid particles. It is assumed for 
simplicity that the time-averaged cross-sectional area of the dunes is Ab + AdZ  By assuming no 
slip between the fluid and solid particles in the particle layer, these equations are given by: 

and 

particles, 

VmhoCv= VG(Ab-t-~-~s) (1--E); 

[1] 

[2] 

,=Flow Direction 

2 1 
totat pipe area Ao ! ] 

L porosity ~2 
Figure 1. Schematic diagram of the dunes formed in the pipe. 
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where: I'm is the mean velocity of the mixture in the pipe (superficial velocity of the mixture with 
homogeneous flow assumption); Vo is the dune velocity; E is the porosity of the particle layer; Cv 
is the delivered solid concentration; and A1 and A2 are the cross-sectional areas of fluid flow above 
the particle layer at the moving cross sections 1 and 2, respectively. 

Here, we define the in-situ solid concentration CT as 

Effective cross-sectional area of particles (time-averaged) 
Cr = Total pipe area A0 

[31 

Using [3], the continuity equations for the fluid and particles, [1] and [2], are rewritten, respectively, 
a s  

[ VIA1 = V2A2 = VmAo 1 (1 - E )  [4] 

and 

Vo Cv 
C - = - - .  [5] 

v., G 

By considering that Ai and A2 are given, respectively, by 

and 

where 

the fluid velocities Vi and 

and 

A_2 = (A0 - Ab) = 1 -- A---b [6] 
Ao Ao 

A~ = [Ao - (~b + A,)] -- 2C~ 
= I + Ab [7] 

Ao Ao ~ (I - E)' 

D Ab 
A, = Zoo, [8] 

I"2 are expressed, in terms of Vm, by 
c~ 

1 

Vl = ( 1 = -  E ) Vm [91 
1 - - A b  

c~ 
l 

(1 - 0  
v2 = vm. [1o] 

- -  2C~ 
I + A  b C(I - E) 

In this paper, the maximum amplitude of the pressure fluctuation due to the movement of the 
dunes is assumed to be equal to the difference in pressure at cross sections l and 2. As will be 
described later, it was confirmed from experiments on the pressure fluctuation that most of the 
detected frequency components of the pressure fluctuation fall below 1.0 Hz. The fluid flow above 
the dunes, therefore, can be considered to be a quasi-steady flow. Using Bernoulli's theorem, the 
maximum amplitude of the pressure fluctuation dP is expressed by 

dP m P) - P2 -- ~ ( V ~  - V~), [ll] 

where Pw is the density of the fluid. By substituting [9] and [10] into [l l], we finally obtain the 
following expression for dP: 

dP--~V~(1  C. ~:fF 1 2 l )2} 
- - l - - E ]  l [ l + ~  C(12C--2-e)j ] - ( 1 - - - ~ b  " [12] 
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Figure 2. Schematic diagram of the experimental apparatus. 
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3. EXPERIMENTAL STUDIES 

3. I. Experimental Apparatus and Procedure 

Figure 2 shows a schematic diagram of the experimental apparatus used in this study. It consists 
of a water tank, a pump with a variable-speed drive, an electromagnetic flowmeter, a horizontal 
test section, pressure transducers, a water jacket and a measuring tank. The test section is a 13 m 
long transparent acrylic pipe with 49.7 mm i.d. to allow visual observation of the particle behavior 
by a videocamera. The test section is covered with a quadrilateral acrylic water jacket in order to 
eliminate the refraction of light by the curvature of the circular transparent pipe. 

The pressure fluctuation was measured by strain gauge type pressure transducers at four different 
locations in the flow direction. These pressure transducers, with a dynamic pressure range of 
50 kPa, were calibrated prior to the measurements. The pressure signals were transmitted through 
a strain meter and an A/D converter to a microcomputer, and the converted data were stored on 
magnetic disks in a digital manner. The sampling interval At was chosen as 10 ms so as to satisfy 
the sampling theorem (Bendat & Piersol 1966), given by 

1 
At ~< 2.f~' [131 

wheref~ is the maximum effective frequency of the fluctuating signal. The total sampling time was 
61.44 s. The upper cutoff frequency of a low-pass filter was set at 10 Hz, which was sufficient to 
detect the pressure fluctuation caused by the concentration fluctuation (Keska 1984) and to assure 
reliable of the measurements. 

As mentioned earlier, one of the typical characteristics of a solid-liquid mixture flow in a 
horizontal pipe at low velocities is to form dunes. These dunes move slowly in the flow direction, 
and the period of the pressure fluctuation due to the movement of the dunes is considerably large, 
i.e. 3-4 s, as will be described. So, the total sampling time of 61.44 s is large enough to obtain 
reliable results for the pressure fluctuation. 

The shape and velocity of the dunes were measured by a high-speed videocamera (NAC 
HSV-400) with a maximum of 400 fps. To assure easy visual observation of the particle behavior, 
a small fraction (~  3%) of the particles (crushed rock) were carefully painted with white coloring. 

The particle sizes covered in this study were 2.18 and 3.06 nun; other properties of the particles 
are listed in table 1. 
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Table 1. Particle properties 

Particle 
Particle Specific Terminal Reynolds Drag 

diameter, gravity, velocity, number, coefficient, 
Material d, (ram) S V u (m/s) Re s C D 

Crushed rock 2.18 2.74 0.16 443 1.92 
3.06 0.19 749 1.88 

3.2. Experimental Results 

3.2.1. Velocity of  the dunes 

Figure 3 shows the relationship between the ratio ( of the dune velocity Vo to the mean velocity 
Vm and the solid concentration C~ with the particle diameter as a parameter. Here, Vm and Vo were 
measured by the electromagnetic flowmeter and high-speed videocamera, respectively. As shown 
in the figure, the value of ( remains almost constant (about 0.54) regardless of the solid 
concentration. This means that the velocity of the dunes increases as the mean velocity V= increases. 

3.2.2. Particle layer thickness 

Figure 4 shows the relationship between the dimensionless minimum particle layer thickness Hb 
and the solid concentrations Cv with the particle diameter as a parameter. At concentrations < 4%, 
the results show nearly zero Hb. On the other hand, at concentrations >4%, the value of Hb 
increased with increasing solid concentration. The solid line in figure 4 shows the following 
empirical equation, obtained by least squares fitting: 

Hb = 3 .1Cv-  0.13 (Cv: %). [14] 

As typically shown in figure 4, H b is not affected by the particle size. Newitt et al. (1955) measured 
the pressure loss of the flow with a moving bed, and proposed the following equation for the 
pressure loss coefficient ~b: 

6 6 ( S -  l)gD 
~b = V~ ' [15] 

where ~ is defined as in [16] below, S is the specific gravity of the particles and g is the gravitational 
acceleration; 

(i -- iw) 
~P = (i.C~--'-~' [16] 

i and iw are the hydraulic gradients of the solid-liquid mixture flow and clear water, respectively. 
This equation indicates no effect of particle size on the pressure loss of the flow with a moving 

bed. By considering this and the results shown in figures 3 and 4, it may be concluded that the 
behavior of particles in the pipe is independent of particle size for the flow with a moving bed. 
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Figure 3. Velocity ratio of  the dunes to the mean velocity. 
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Figure 4. Effect of the solid concentration on the particle layer thickness. 

3.2.3. Height of the dunes 
Figure 5 shows the relationship between the dimensionless height of the dunes lid, and the solid 

concentration Cv. Ha, is defined as follows: 

( H  b + H )  

Ha, = O = Hb + H. [17] 

The value of lid, increased slightly as the solid concentration increased. Some of the experimental 
points obtained at Vm = 1.2m/s (symbols (3 and O) showed rather large values for small 
concentrations. At this velocity, the flow was observed to be a stick-slip flow where the particle 
layer formed near the bottom wall repeatedly slid and stopped at short intervals. Thus, the flow 
was unstable. However, at other velocity conditions, the flow was stable or quasi-stable. 

3.2.4. Pressure fluctuation 
Figure 6 shows the maximum amplitude of the pressure fluctuation dP vs the solid concentration 

Cv with the particle diameter as a parameter. Tap numbers given in this figure represent the 
locations of the pressure transducers (refer to figure 2), and are numbered from the upstream. After 
Akagawa et al. (1970), the maximum pressure fluctuation dP was calculated from the measured 
probability distribution function PDI of the pressure fluctuation, according to 

dP = P(PDI = 0.99) - P(PDI = 0.01), [18] 

where P(PDI = 0.99) and P(PDI = 0.01) are pressures corresponding to 99 and 1% probability, 
respectively. 

The result indicates an increasing trend of dP with the solid concentration in the range of 4-10%. 
However, it tends to decrease when the solid concentration exceeds 10%. This appears to be due 
to a change in the dune shape from triangular to flattened--i.e, when the solid concentration was 
> 10%, the shape of the dunes changed to become rather flat and the maximum amplitude of the 
pressure fluctuation became correspondingly smaller. 
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Figure 5. Effect of the solid concentration on the dune thickness. 
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Figure 6. Relationship between the pressure fluctuation and the solid concentration. 

The solid lines in figure 6 show predictions of dP by [12]. Here, ~ is 0.54 as described earlier. 
The porosity E was determined in a still-water experiment by measuring the volume of solid particles 
in a measurement cell after confirming that they were settled in it. It was found that the value of 

was 0.55 for the two particle sizes used in this experiment. This value is not exactly the porosity 
in the moving particle layer. However, the porosity in the moving particle layer was assumed to 
be equal to that in maximum loose packing because the state of the particle layer in the pipe could 
be considered to be close to maximum loose packing. A b is calculated by the following equation 
using [14]: 

A--~ = (~ - sin ~ cos ~), ~ = c o s - t 0  - 2Hb). [19] 

The prediction by [12] shows a general trend quite similar to that of the experiments when the solid 
concentration is within 4-10%. When Cv > 10%, a discrepancy appears between the calculated 
values and the experimental ones. This is considered to be related to the change in the dune shape, 
as mentioned previously. 

3.2.5. The PSD 

In order to investigate the periodicity of the pressure fluctuation, the PSD was calculated using 
an FFT method. Figure 7 shows examples of the PSD of the pressure fluctuation for taps 1 and 
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Figure 7. PSD of  the pressure fluctuation. 
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4, obtained for the same experimental condition. As shown in this figure, most of the detected 
frequency components of the pressure fluctuation fall below 1.0 Hz. When the mean velocity was 
1.6 m/s, the dominant frequency (peak frequency) was about 0.3 Hz, and hence the period was 
about 3 s. This conclusion leads to the simple analytical model shown in figure 1, on which the 
present study is based. 

Figure 8 shows the dominant frequency obtained from the PSD vs the solid concentration with 
the mean velocity as a parameter. The data shows considerable scatter. However, it is seen that 
the effect of the solid concentration on the dominant frequency is negligible. On the other hand, 
the effect of the mean velocity is to increase the dominant frequency. 

Figure 9 shows the mean dominant frequency obtained by averaging the values shown in figure 
8 for each mean velocity vs mean velocity/diameter ratio (Vm/D). The mean dominant frequency 
is seen to be proportional to Vm/D. The solid line in figure 9 represents the following empirical 
equation: 

f~ = 0.016 ( - ~ )  - 0.2, [20] 

where f~ is the dominant frequency. 

4. SIMULATION OF THE PRESSURE FLUCTUATION 

There are several ways of simulating the pressure fluctuation. One of them uses the PSD. In this 
study, the PSD was assumed, as given by figure 10, based on the experimental observations 
mentioned earlier. This assumed PSD is expressed by 

0<f~<f , ,  P S D ( f ) = A  . f ,  

(1 - - f )  
f , < f ~ < l ,  P S D ( f ) - - A ~ _ f , ) ,  

1 <f ,  PSD(f )  = 0, [211 

wherefis the frequency of the pressure fluctuation andf~ is the dominant frequency approximated 
by [20]; A is a constant. 

After Hino (1977), we adopted the following calculation procedures. The pressure wave at time 
t, P(t), is assumed to be expressed by the following equation by using its Fourier component X( f ) :  

P(t) = I ~ X ( f ) e  n#tdf= I ~ I X ( f ) l d  (2xft+°'df, [22] 
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where 0 is a uniform random number and its range is 0 ~< 0 ~ 27r. Then, the Fourier component 
I X( f ) l  is expressed, using PSD(f) ,  as 

I X ( f  )l = x/T" PSD ( f ) ,  [23] 

where T is the sampling time, given in terms of the sampling number N and the sampling 
interval At: 

T = N. At. [241 

We will then define Afk and fk as follows: 

0 =f0 <fl  <f2 < "'" <fk < . . . .  <fu  = l/2At [25] 
and 

Ark=A--A_ , ,  fk = ( f k + A - ' ) "  k = l , 2 ,  N. [26] 

If [22] is approximated by the discrete components given by [25] and [26], then P(t) is 
obtained as 

N 

P(t) = ~ x/2. PSD(fk) Afk cos(2nf~, t + Ok). [27] 
k - I  

In this study, the sampling interval was chosen as 10ms, as mentioned earlier, and hence 
f~ = 50 Hz. The frequency range 0-50 Hz was divided into 6144 discrete frequency segments 
according to [25], P(t) was then calculated from [27]. These calculation procedures are described 
by the flow chart in figure 11. 

The comparison of the simulated results with the experiments was made using the probability 
density function (PDF) of the pressure fluctuation. Figure 12 shows a typical result of the PDF, 
where Pm is the integrated average pressure. The dashed line in this figure indicates the numerical 
result and the solid line indicates the experimental results. As shown in this comparison, the 
simulated result is in good agreement with the experiments. Therefore, the assumptions used in this 
section i.e. figure 10 and [21], are considered to be reasonable. 

5. CONCLUSIONS 

solid-liquid mixture flow at low velocities was investigated experimentally and theoretically. 
The following conclusions were obtained in this study: 

1. The dune velocity increased as the mean velocity of the mixture increased. 
However, the ratio of the dune velocity to the mean velocity showed an almost 
constant value regardless of the solid concentration. 

2. The pressure fluctuation increased slightly with the solid concentration up to 10%. 
On the other hand, at solid concentrations exceeding 10%, the pressure fluctuation 
decreased because of the change in the dune shape to flat. 
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3. It was found that the pressure fluctuation was related to the movement of  dunes 
in the pipe, This trend is consistent with the observation that the dominant 
frequency in the PSD increased with an increase in the dune velocity. 

4. A numerical simulation was made of  the pressure fluctuation induced by a 
solid-liquid mixture flow at low velocities, based on a simple model. This model 
uses an assumed PSD of  the pressure fluctuation. The results show satisfactory 
agreement with the experiments. 
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